
Paradoxical sets
and the

Montreal Descriptive Dynamics and Combinatorics Seminar

19.11.2024

Azul Lihuen Fatalini
University of Münster

Axiom of Choice



Context

Axiom Paradoxical
of Choice
-

sets



Axiom of Choice

Axiom of Choice

Zorn's lemma

Well-ordering principle
↳

well-ordering on the reals



Paradoxical sets

· PER2 n = 1
,
2
,
3.

-

p satisfies some counterintuitive property.
-

>he existence of such a p involves Axiom of Choice.
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Partitions in circles

PVC := portation of R in unit circles

Questions, Rotation ? D coveringS(iii) Whyt circles ?
(i) (ii) 2-covering

...
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Partitions in circles

-

Theorem (EF) (Szulkim)

# can be partitioned in circles.

Theorem (EFC) (Conway-Croft/Kharazishvili)
# con be partitioned in unit circles .



Partitions in circles

Theorem (EF) (Szulkin)

# can be partitioned in circles.
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Partitions in unit circles

Theorem (EFC) (Conway-Croft/Kharazishvili)
# con be partitioned in unit circles .
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Partitions in unit circles

Observation : The proof shows that any partial PVC of

cordinalityI can be etended to a /complete) PUC.

Question : Can any partial PUC be extended to 2 PVC)

- No ! There could be not enough space !



Context

(…) So the general situation is that the axiom of choice 
constructions are both easy and flexible and not entirely 
ungeometrical.



Partitions in circles

PVC := portation of R in unit circles

· If analyte , then Borel

· If V = L ,
then there is a coanalytic PUC



Set theory

· Model of ZF(C) = "universe" There are

several
Axiom of Choice



Set theory

How does constructing models look like ?



Set theory

How does constructing models look like ?

M , Pg =#) < Forcing msM(g]
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The result(s)

Theorem

There is a model of
ZF + J PUC + 2 well-order on R



The model(s)

1. Cohen-Halpern-Levy model :

H : = HODLAy
where

g is K(W)-generie over L
, and

A = ECn : n = wY is the set of Cohen reals added by g
.

2
.

W = L(1
,
b)428 .

23

where G is K(W)-generie over L,

h is P-generie over L] , and

b = Uh is the PVC added by h .



Cohen-Halpern-Lévy model

1. Cohen-Halpern-Levy model :

H : = L(A)

where
g is K(W)-generie over L

, and

A is the set of Cohen reals added by g
.

L(A) - Cohen real r -> a real in L(A)
⑪ A infiniteR only needs finitely

L ⑳
+ IeR many elements of A



Cohen-Halpern-Lévy model

1. Cohen-Halpern-Levy model :

H : = L(A)

where
g is K(W)-generie over L

, and

A is the set of Cohen reals added by g
.

L(A) 1
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Cohen-Halpern-Lévy model

1. Cohen-Halpern-Levy model :

H : = L(A)

Facts about H

(i) There is no well-ordering of the reals.

(ii) There is no countable subset of A .

[

(ii) R1H = U .RML[a])
ac [A]



Recent results

Models of ZF + 1) + 5 P

· First Cohen model L(A) :

ZF + -ACw +... + Hamel basis [BSWY]
+ Mazurkiewicz set [BS

+ Partition R in unit circles[F]



Construction of a PUC in H 

Q : How do we get a PVC in H ?

RH = ayIRL[a])= R

RH R(x
,y ,z]
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Construction of a PUC in H 

XY

L[X ,y] L(A)

L[Y]
L

Y Z

L[y ,z]

Strategy : use AC in each inner model to
construct PVC's

,
and be careful to glue them well-



Obstacles to glue the PUCs

L[2 , y , z]

OD" X
L[X ,y]

↑

X

7

[X,z]

-[x]
Extendability Amalgamation


